We prove the existence of a countable family of globally regular solutions of spherically symmetric Einstein-Klein-Gordon equations. These solutions, known as mini-boson stars, were discovered numerically many years ago.
Introduction
Boson stars are compact gravitationally bound soliton-like equilibrium configurations of bosonic fields. The simplest kind of boson star, which is made up of a self-gravitating free complex massive scalar field, was conceived over thirty years ago by Kaup [1] and Ruffini and Bonazzola [2] who found numerically the ground state solution to the spherically symmetric Einstein-Klein-Gordon (EKG) equations. A decade later the systematic numerical analysis of these equations was performed by Friedberg, Lee, and Pang [3] who rediscovered and extended the results of [1, 2] , in particular they found a countable sequence of excited states.
The aim of this paper is to give a rigorous proof of existence of solutions found in [1] [2] [3] . In the physics literature these solutions are usually referred to as mini-boson stars ("mini" because they are tiny objects with mass ∼ 1 Gm , where m is the boson mass). What are the motivations for studying such objects? Let us mention three possible reasons varying from physical to purely mathematical. First, most theories of elementary particles predict the existence of massive bosons which interact weakly with baryonic matter. To the extent one believes in these models, one should accept their consequences, like boson stars. From this standpoint, the recent surge of interest in boson stars is largely due to the suggestion that the dark matter could be bosonic since then some fraction of the missing mass of the universe would float around in the form of boson stars. Second, even if massive scalar fields do not exist in nature, they provide one of the simplest fundamental matter sources for the Einstein equations and, as such, are ideal theoretical "laboratories" for studying the dynamics of gravitational collapse. Mathematically, these studies amount to the analysis of the Cauchy problem for the EKG equations. Boson stars play an important role in this context as candidates for intermediate or final attractors of dynamical evolution. Finally, and admittedly most interestingly for us, mini-boson stars are non-perturbative solutions of the EKG equations in the sense that they have no regular flat-spacetime limit (one manifestation of this property is the fact mentioned above that the total mass of a mini-boson star is inversely proportional to the gravitational constant G). In this respect mini-boson stars are similar to the Bartnik-McKinnon solutions of the Einstein-Yang-Mills equations [4] . However, in contrast to the Bartnik-McKinnon solutions, the mini-boson stars are not static: although the metric and the stress-energy tensor of the scalar field are time-independent, the scalar field iself has the form of a standing wave φ(r, t) = e iωtφ (r) . This fact has an important consequence at the ode level, namely the lapse function does not decouple from the Klein-Gordon equation and the hamiltonian constraint which means that we have to deal with a 4-dimensional (nonautonomous) dynamical system 1 . Below we analyze this system using a shooting method which is similar in spirit (but quite different in implementation) to the proof of existence of the Bartnik-McKinnon solutions [5] .
The paper is organized as follows. In Sect. 2 we derive the field equations together with the boundary conditions and discuss some basic properties of solutions. We also formulate the main theorem and sketch the heuristic idea of its proof. In Sect. 3 we prove the local existence of solutions near the origin. In Sects. 4 and 5 we discuss the limiting behavior of solutions for small and large values of the shooting parameter, respectively. In Sect. 6 we derive the asymptotics of globally regular solutions. Sect. 7 contains some technical results concerning the behavior of singular solutions. Finally, in Sect. 8, using the results of Sects. 4-7, we complete the proof of the main theorem by a shooting argument.
Preliminaries
The action for the EKG system is given by 
